Abstract. We study the horospherical geometry of submanifolds in hyperbolic space. The main result is a formula for the total absolute horospherical curvature of M, which implies, for the horospherical geometry, the analogues of classical inequalities of the Euclidean Geometry. We prove the horospherical Chern-Lashof inequality for surfaces in 3-space and the horospherical Fenchel and Fary-Milnor's theorems.
Introduction
The hyperbolic Gauss map of a surface in hyperbolic space was introduced by Bryant [1] and Epstein [5] in the Poincaré ball model. Kobayashi [14, 15] has also independently defined it for a hypersurface in H n (R) = SO 0 (n, 1)/SO n under a different framework and studied some basic properties of it from the view point of the theory of Fourier transformations. In [6] , the second named author, D. Pei and T. Sano define the hyperbolic Gauss-Kronecker curvature of hypersurfaces in hyperbolic space. Totally umbilic hypersurfaces in hyperbolic space are equidistant hypersurfaces, hyperspheres and hyperhorospheres which are the model hypersurfaces in hyperbolic space. The hyperbolic Gauss-Kronecker curvature is a hyperbolic invariant which describes the contact of hypersurfaces with such model hypersurfaces. The notion of horospherical Gauss-Kronecker curvature of hypersurfaces in the model of hyperbolic space in Minkowski space was introduced in [12] . This curvature is not a hyperbolic invariant but an SO(n)-invariant, where we consider the canonical SO(n)-subgroup in the group of hyperbolic motions. However it describes the contact of hypersurfaces with hyperhorospheres and it is independent of the choice of the model of hyperbolic space. We call the geometry related to this curvature the horospherical geometry of hypersurfaces in hyperbolic space ([6, 7, 9, 10, 13, 12] ). Moreover, it has been shown in [12] that a Gauss-Bonnet type theorem holds when integration of this new curvature is taken over a closed orientable even-dimensional hypersurface.
On the other hand, the horospherical geometry of higher codimension submanifolds in hyperbolic space had been developed in [11] . In this paper we continue this investigation, with the purpose of studying global properties of such submanifolds. The main result is a formula for the total absolute horospherical curvature of M, which implies the analogues, for the horospherical geometry, of classical inequalities of the Euclidean geometry. We discuss the Chern-Lashof type inequality for surfaces in 3-space
This is a special feature of horospherical geometry. In fact, R. Langevin and G. Solanes in [17] contruct examples of surfaces in hyperbolic space which do not satisfy the Chern-Lashof type inequality, when the integral is taken with respect to the extrinsic curvature of the surface. In the last section we study curves in H 3 + (−1), and obtain the horospherical analogues of the Fenchel, and the Fary-Milnor theorems.
Notation and definitions
We outline in this section the local differential geometry of hypersurfaces in the hyperbolic n-space developed in the previous papers [6, 12] . We adopt, for this purpose, the model of
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Proposition 2.1. Under the above notations, we have the following formula:
Therefore we have the following formula:
In the previous paragraphs we reviewed the properties of hyperbolic Gauss indicatrices and hyperbolic Gauss-Kronecker curvatures. The original definition of the hyperbolic Gauss map introduced by Bryant [1] and Epstein [5] is given in the Poincaré ball model. Here, we introduce the corresponding definition in Minkowski model as follows: If x = (x 0 , x 1 , . . . , x n ) is a lightlike vector, then x 0 = 0. Therefore we havẽ
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It follows that we have the following relation between the horospherical Gauss-Kronecker curvature and the hyperbolic Gauss-Kronecker curvature:
is not invariant under hyperbolic motions but it is an SO(n)-invariant.
We also remark that the notion of horospherical curvatures is independent of the choice of the model of hyperbolic space. For the purpose, we introduce a smooth function on the unit tangent sphere bundle of hyperbolic space which plays the principal role of the horospherical geometry. Let SO 0 (n, 1) be the identity component of the matrix group
It is well-known that SO 0 (n, 1) acts transitively on H n + (−1) and the isotropic group at p = (1, 0, . . . , 0) is SO(n) which is naturally embedded in SO 0 (n, 1). Moreover the action induces isometries on H n + (−1). On the other hand, we consider a submanifold induces the canonical action on ∆ (i.e., g(v, w) = (gv, gw) for any g ∈ SO 0 (n, 1)). For any (v, w) ∈ ∆, the first component of v ± w is given by
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The right hand side of the above equality is independent of the choice of the model space.
We now consider the global properties of curvatures. Let M be a closed orientable (n − 1)-dimensional manifold and f : M −→ H n + (−1) an embedding. We consider the canonical projection π : 
The global hyperbolic Gauss-Kronecker curvature function K h : M −→ R is then defined in the usual way in terms of the global hyperbolic Gauss indicatrix L. We also define the hyperbolic Gauss map in the global
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. Since the normal bundle N (M ) is trivial, we can arbitrarily choose a unit normal section n(u) ∈ S r (N h p (M )). We can consider the differential geometry of general submanifolds in hyperbolic space which generalizes the differential geometry of hypersurfaces in hyperbolic space in [6] . Since n(u), n(u) = 1 and x(u), n(u) = 0, n u i (u) (i = 1, . . . , s) are orthogonal to both of n(u) and x(u). Therefore we have
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. We also call the linear mapping dn N u the normal connection with respect to n of M = x(U ) at p 0 = x(u 0 ). We denote the eigenvalue of A p 0 (n) by κ p 0 (n) and the eigenvalue of S p 0 (n) byκ p 0 (n). By the relation of A p 0 (n) and S p 0 (n) we have a relationκ p 0 (n) = κ p 0 (n) − 1. We callκ p 0 (n) the horospherical principal curvature at p 0 with respect to n.
We now define the notion of curvature as follows. The horospherical (or hyperbolic) curvature with respect to n at p 0 = x(u 0 ) is defined to be
We give the following generalized hyperbolic Weingarten formula. Since x u i (i = 1, . . . s) are spacelike vectors, we induce the Riemannian metric (the hyperbolic first fundamental form ) ds
We also define the horospherical (or, hyperbolic) second fundamental invariant with respect to the unit normal vector field n byh ij (n)(u) = −(x + n) u i (u), x u j (u) for any u ∈ U. If we define the second fundamental invariant with respect to the normal vector field n by h ij (n)(u) = − n u i (u), x u j (u) , then we have the following relation:
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Proposition 2.4. Under the above notations, we have the following horospherical (or, hyperbolic) Weingarten formula with respect to n :
π T • (x + n) u i = − s j=1h j i (n)x u j , where h j i (n) = h ik (n) g kj and g kj = (g kj ) −1 .
It follows that the horospherical curvature with respect to n is given by
. Therefore the horospherical second fundamental invariant at a point p 0 = x(u 0 ) depends only on x(u 0 ) + n(u 0 ) and x u i u j (u 0 ). By the above corollary, the horospherical curvature also depends only on x(u 0 ) + n(u 0 ) and x u i u j (u 0 ). It is independent on the choice of the normal vector field n. We write K h (n 0 )(u 0 ) as the horospherical curvature at p 0 = x(u 0 ) with respect to n 0 = n(u 0 ). We might also say that a point p 0 = x(u 0 ) is n 0 -umbilic because the horospherical n-shape operator is independent on the choice of the normal vector field n (it depends on the normal vector n 0 = n(u 0 )).
We now arbitrarily choose unit orthonormal sections
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It follows from the fact n j , n j = 1 that (n j ) u i , n j = 0. Thus we have µ j = 0. By the relation x, n j = 0, we have x, (n j ) u i = − x u i , n j = 0. Hence µ r+2 = 0. Therefore, we have a relation
Total Absolute Horospherical Curvature
In this section M denotes a compact s-dimensional manifold and f : M The horospherical Gauss map lead us to a curvature in the framework of horospherical geometry. Let T (x,n) ν 1 M be the tangent space of ν
M be the canonical projection. It follows that we have a linear transformation
Definition 3.2. The horospherical curvature with respect to n at x is defined to be 0)) be an embedding and let {n 1 (u), . . . , n r (u), n r+1 (u)} be orthonormal normal vector fields on x(U ) such that n r+1 = n. Since {x u 1 , . . . , x us , n 1 , . . . , n r } is a basis of T (x,n) ν 1 M and writing ( 0 , 1 , . . . , n+1 ) as the coordinates of L, 
Proof. Under the above notation it suffices to show that if (
Locally we may write
For j = 1, . . . , s the j-th columns of the two above matrixes satisfy the equation
It follows that
Finally, by [11, Corollary 3.3] , (3.3) and (3.1), we obtain
Definition 3.4. The total absolute horospherical curvature of the immersion f is defined by
From Lemma 3.3 we obtain the following formula for τ h (f ) :
whereδ denotes the canonical volume density of ν 1 M . Now we will relate the total absolute horospherical curvature to the critical point of certain height functions. (D) has null measure we have:
Theorem 3.6. A point x ∈ M is critical for h v if and only if there is a unit normal n to
Observe that the restriction of the horospherical Gauss map to L −1 (D) is a smooth covering map onto D. Hence the conclusion follows by applying Fubini's theorem for covering maps to compute the righthand side of the equality above.
Taking φ constant and equal to 1 in the above lemma we obtain 
Recall that the Morse number of a compact manifold M , γ(M ), is defined as the minimum number of critical points which any Morse function ϕ : M → R can posses. When τ h (f ) = γ(M ) it follows that every non degenerate horospherical height function h v has the minimum number of critical points allowed by the Morse inequalities, ie f is a horo-tight immersion. It follows that τ h (f ) is a hyperbolic invariant when f is a horo-tight immersion.
The relationship between horo-tightness and total absolute horospherical curvature of manifolds deserves further study. For example, we have the following questions: In the following sections we specialize to surfaces and curves in H where χ(M ) is the Euler characteristic of M . For immersed surfaces in hyperbolic spaces, the inequality (4.1) was expected to hold, according to [16] . However, R. Langevin and G. Solanes in [17] construct examples of surfaces in hyperbolic space which do not satisfy the Chern-Lashof inequality, when the integral is taken with respect to the extrinsic curvature of the surface. In this section we prove that the Chern-Lashof type inequality with respect to the horospherical Gauss-Kronecker curvature holds for surfaces in hyperbolic 3-space. 
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and ∂L ∂s (s, θ) = − sin θn(s) + cos θe(s).
It follows that we have
. By definition, the total absolute horospherical curvature of γ at s is
By Corollary 2.9, we have the following horospherical Fenchel type theorem: Before we start to give the proof, we need another interpretation of the total absolute horospherical curvature of a surface f : M −→ H 
